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Line Segment USTH

" Aray defined by the start point and the direction vector is
represented in a parametric equation.

0 V6°t°{

10
awe™ L 40
(ds S 2(t) = 50+t
| y(t) = s, + td,
start point (Sz,5y,S) 2t)=s,+td,

" Consider a line segment between two end points, p, and p,.
Vector p,-p, corresponds to the direction vector = line
segment can be represented as:

y. P1

P z(t) (1 —t)xzg +tx

pt)= | y@) | = X—t)yo +itns

P(t)=po+1t(P1-Po) 2(t) (1—t)zo +tzy
=(1-t)py+tp,
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Line Segment (cont’) USTH

" Aline segment connecting two end points is represented as a
linear interpolation of the points.

" The line segment may be considered as being divided into two
parts by p(t), and the weight for an end point is proportional to
the length of the part “on the opposite side,” i.e., the weights
for p, and p, are (1-t) and t, respectively.

-

P z(t) (1 —t)zg 4ty
------- pt)= | y(t) | = | (1—t)yo +twm
, p(t) = (1=t)po + tpi z(t) (1—t)z0 +tz
po



Quadratic Bezier Curve ¥ STH

® De Casteljau algorithm = recursive linear interpolations for
defining a curve. The quadratic Bézier curve interpolates the
end points, p, and p,, and is pulled toward p,, but does not

interpolate it.

Pl

p2

Po

Po

1t

pI —fI- py = (1-t)po + tpi |
—t —t

pr L pl=(1-t)p; + tpr —L> P = (1-t)pg + tp)
= {l—t}ng + 28(1-t)py + tjpg



<
o, ¢
Cubic Bezier Curve USTH

" The cubic Bézier curve interpolates the end points, p, and p;,
and is pulled toward p. and p-.

D2

Po p3

Po

== aP, N:t

P1 —> p

\t \t
1 pg
\:t X:t \:t
P t=0 oFg 3 —tr pé —tr p% —tr pg

p(t) = (1 —t)%po + 3t(1 — £)%p1 + 3t*(1 — t)p2 + t7ps
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Quartic Bezier Curve USTH

" The de Casteljau algorithm can be applied for a higher-degree Bézier
curve. For example, a quartic (degree-4) Bézier curve can be
constructed using five points.

= aF,

oP, oF,

[from Wikipedia]

®  Such higher-degree curves often reveal undesired wiggles. Worse
still, they do not bring significant advantages. In contrast, quadratic
curves have little flexibility. Therefore, cubic Bézier curves are most
popularly used in the graphics field.




Bézier Curve — Control Points and Bernstein Polynqgﬁﬂ\r‘
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® The points p;s are called control points. A degree-n Bézier curve requires

(n+1) control points. The coefficients associated with the control point are

polynomials of parameter t, and are named Bernstein polynomials.

yul

p(t) = (1 —t)po +tp;
BMt) = ,Cst" (1 — )"

T
)

Pa

1= -
p(t) = (1 —t)%pg + 2t(1 — t)p1 + t2po

Pz

!

p(t) = (1 —t)3po + 3t(1 — £)%py + 3t2(1 — t)ps + t3pa



® Different orders of the control points produce different curves.

b (0,1) 2 c(1,1) b (0,1) e (1,1)

a (0,0) 1d(1,0) a (0,0) d(1,0)

> L

(A)a-b-osc->d ba-b>d->c
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Bézier Curve — Tessellation for Rendering Y2TH ’
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The typical method to display a Bézier curve is to approximate
it using a series of line segments. This process is often called
tessellation. It evaluates the curve at a fixed set of parameter
values, and joins the evaluated points with straight lines.

p2

pi
o y : * ° » /./.____.-_—-.\.\
g ((; ?50.2) (0.9) '/. \'\
JAS p(0. /
po P(0-0) p(1.0)' P> ¢ g
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Bezier Curve — Affine Invariance

evaluation /,o——.-—-o..___ \

po

Po

P1

D2

P3

(a)

PO
Pl
rotation of the
control points
—
24
p3

(b)

rotation of the
evaluated pomts

evaluation
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Hermite Curve

p(t) = L[(1 —)>po + 3t(1 — t)%*p1 + 3t2(1 — t)p2 + t3p3]
= —3(1 —t)%py + [3(1 — )2 — 6t(1 — t)]p1 + [6t(1 — t) — 3t3]ps + 3t3ps

1 vo
vo =p(0) =3(p1 —po) =p PIZPD+§UD
U3
. 1 P
vy =p(l) =3(p3 —p2) = P2=p3— 3Us
D3
Po

p2

p(t) = (1 — 1) po + 3t(1 — t)p1 + 3t*(1 — t)po + tps
= (1 — t)3po + 3t(1 — t)%(po + 3v0) + 3t2(1 — t)(p3 — 2v3) + t3p3
(1 —3t2 + 2¢3)po + (1 — t)%vo + (3t2 — 2t3)ps — t3(1 — t)us
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Catmull-Rom Spline USTH

" Aspline (piecewise curve) composed of cubic Hermite curves
passes through the given points g;s. Two adjacent Hermite
curves should share the tangent yector at their junction.

q1 e
C1 q4

q2

qo (a)

qi+1

/\ vi = 7(gi+1 — gi—1)
" Tangent at g/is parallel to the vector connecting q., and g,,;.
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Application

t=02
=10 (2 sec later)
[start)

=101
(1 sec later) t=10.5

(5 =ec later)

camera path

t=10.5
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Application (cont’)

camera path
p(t)

:

teapot path
q(t)

(a)

t=0.5

(b)
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Bilinear Patch

® Combination of linear interpolations using four control points

.. Py = (1=u)poo + upo
. l—u

=

I:'U‘

p[ﬂlu}": I i

- { I _'U)p::; + 'I:prlf "I |.|I|’I|f'll" J 'l|l,l|‘||'t
I'J" l[_'L [

—* PlI
.rd'f ‘-.--. ]_u
.. -t py = (1—u)pio + upn

P1o ) Pio u
2x2 control points

(u first. and then v)

VVVVVVVVVVVVVVVVVVVVVVVV

Bilinear interpolation A collection of line segments

" Matrix representation where the center matrix corresponds to

the control point net

] puu  Pongotoo e |
N — (1 —a o) (P00 Pot 1—u :
pluv) = (1-v v) (D '}3'11) ( - )
= (1-v v) (1 — u)poo + upor )
(1 —u)pro + up11 '.
= (1 —u)(1 —v)poo +u(l —v)por + (1 — u)vpro + uvpis 1" s u —
v weights for the control points

15 parametric domain
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Bilinear Patch (cont’)

Tessellation with nested for loops

Hn

e U
- pa =1 - tw)poo + wpg
St IR T

FLI]

Fu
e 1w
<Ipl =1 - wpo + up

p(u,v) = (1 —u)(1 —v)poo + u(l — v)por + (1 — w)vpro + uvpy

foreach u in the range [0,1]
foreach v in the range [0,1]
Evaluate the patch using (u,v) to obtain (x,y,z)
endforeach
endforeach
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Bilinear Patch (cont’) USTH

" |Let’s reverse the order of u and vin linear interpolations.

Poo

Bilinear interpolation Another collection of
(v first, and then u) line segments

plu,v) =(1—v v) (iirg ii) (1;1;,)

1—u
— (1= v)pon + opao (1= o)pms + wpu) ()
= (1 —u)(1 —v)poo +u(l —v)pp1 + (1 — w)vpio + uvp;



NJ
of o 9 r
Bilinear Patch (cont’) USTH

" The control points are not necessarily in a plane, and
consequep[)])tly the bilinear patch is notpg))ecessarily a plane.

(a) Po1 (b) 7. Po1
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(d)



Biquadratic Bézier Patch USTH

i [ Poo po1 po2 (1—u)?
plu,v) = ((1—v)? 20(1 —v) v?) | p1o p11 P12 2u(l = u)
P2o P21 Paz u?

(1 —u)%poo + 2u(l — u)po; + u? poo
=((1—v)? 201 —v) v?) | (1 —u)?pro+ 2u(l —u)pi1 + u’pr2
(1 —w)?pan + 2u(l — u)p2r + u?por

p20
(b) Three quadratic Bézier curves (in u)

IIIIIIII__....\..M\

iR N

22 22
P20 P P
(¢) A quadratic Bézier curve (in v) (d) A biquadratic Bézier patch
19 as a collection of Bézier curves

(ancrh Aafivnad 104 40)



Biquadratic Bezier Patch (cont’)

[((1 —v)? 20(1 — v) v?) (

Poo Po1 Po2
Pio P11 P12
P20 P21 P22

)

20

VVVVVVVVVVVVVVVVVVVVVVV

p(u,v) = (1 — u)*(1 — v)?poo + 2u(l — u)(1 — v)%po1 + v?(1 — v)*poa+
2(1 — u)?v(1 — v)p1o + duv(l — u)(1 — v)p11 + 2u?v(1 — v)pra+
(1 — w)?v?pag + 2u(l — u)v?pa; + u?v?pas

(1—u)?
2u(l —u)

u

2

Ppo1

0o 2u(1-u)(1-v)?

P
(1~w)*(1-v)’ 2

1o P12

2(1-u)?v(1-v) duv(l-u)(1-v)

P22
P20 2
(1-u)*v? e

(e) Weights for the control points

2u(1-u)v?

r
'
1
v
\

P20
(g) Three quadratic Bézier curves (in v)

u?(1-v)?

2uto(1-v)

(f) Tessellation
U
P00 P01 = o
; P11
Plo—— P12
P21

(h) A biquadratic Bézier patch
as a collection of Bézier curves
(each defined in u)
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(d)
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Biquadratic Bezier Patch (cont’)

" So far, we have seen two-stage explicit evaluation.

pio = (1 —u)(1 — v)poo + u(l — v)por + (1 — w)vpio + uvpry
pi1 = (1 —u)(1 — v)por + u(l — v)poe + (1 — u)vpyy + uvpro
F’%D = (1 —u)(1 —v)pio +u(l —v)pi1 + (1 — u)vpan + uvps;
pi1 = (1 —u)(1 —v)pi1 +u(l —v)p1a + (1 — u)vpa; + uvpae

PRo = (1 —u)(1 —v)ply +u(l —v)phy + (1 — w)vpl, + uvpl,

VVVVVVVVVVVVVVVVVVVVVVVV

" Now, let’s see repeated bilinear interpolations, which produce
the same result.
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Bicubic Bezier Patch

® A simple extension of biquadratic Bézier patch

Poo Po1 Po2 Po3 (1 - 'u)?'q
. ; Py 3u(l — u)®
plw.v) = ((1 — )2 30(1 — )2 302(1 — o) v3) | P10 P11 P12 P13 o
pluv) = (( )" 3 ) ( ) %) D20 P21 P22 P23 3u?(1 — u)
P30 P31 P32 P33 u?

two-stage explicit evaluation

®  \We can of course reverse the order of u and v.
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Bicubic Bezier Patch (cont’)

" Let’s apply repeated bilinear interpolations.

e

" Tessellation and rendering result

4%
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Shape Control

p
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Bezier Triangle USTH

®  Degree-1 Bézier triangle

a a
b c b c
p=ua + vb+ wc
(a) (b)

plu, v, w) = ua + vbh + we

area(p, b, c) area(p,c,a) area(p, a,b)
W = = ] =

area(a,b,c)’ area(a,b,c)’ area(a,b, c)

The weights (u,v,w) are called the barycentric coordinates of p.

The triangle is divided into three sub-triangles, and the weith given for

a control point is proportional to the area of the sub-triangle “on the
opposite side.”

Obviously, u+v+w=1, and therefore w can be replaced by (1-u-v).
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Bézier Triangle (cont’) USTH

(d) (e) ()

P = ua —+ TL”T.J' 4+ we 5§ =up + vg + wr
q = ub +vd + we = u(ua + vb + wc) + v(ub + vd + we) + w(uc +ve + wf)
r=uctvetwf = u?a + 2uvb + 2wuc + v2d + 2vwe + w? f

® See what s represents when u=0 and u=1.
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Bézier Triangle (cont’)

" Degree-3 Bézier triangle
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